It has been observed in several settings that schistosomiasis is less prevalent in segments of river with fast current than in those with slow current. Some believe that this can be attributed to flush-away of intermediate host snails. However, free-swimming parasite larvae are very active in searching suitable hosts, which indicates that the flush-away of larvae may also be very important. In this paper, the authors establish a model with spatial structure that characterizes the density change of parasites following the flush-away of larvae. It is shown that the reproductive number, which is an indicator of prevalence of parasitism, is a decreasing function of the river current velocity. Moreover, numerical simulations suggest the mean parasite load is low when the velocity of river current flow is sufficiently high.
Introduction
Schistosomiasis, a parasite (Schistosome)-induced disease, is also known as bilharziasis after Theodor Bilharz, who first identified the parasite in Egypt in 1851. Infection is widespread with a relatively low mortality rate, but a high morbidity rate, causing severe debilitating illness. According to WHO [10] , an estimated 170 million people in Sub-Saharan Africa, and a further 30 million in North Africa, Asia and South America, suffered from schistosomiasis in 2004. The disease is generally associated with rural poverty.
Schistosomes have to go through an intermediate host (snails in most cases) to complete their life-cycle: eggs, miracidia, cercariae, to the final stage of adult flukes. There have been many studies in mathematical modeling using unstructured models [1, 2, 5, 11] , and age-structured models [4, 9] . However, none of them incorporated spatial structure in the habitat, such as a river system. Indeed, the river current plays an important role in spreading schistosomiasis, either by affecting intermediate host snails or parasite larvae. It has been noticed in [7] that the probability for explorers in Africa to be infected in the Southern segment of the Omo River is larger than in the Northern part. Two main features in the Southern Omo River are believed to contribute to the increased incidence, slow flow and large number of residences. In [8] Utzinger, et al. have observed that certain snails (such as B. pfeifferi) have preference for a certain range of river current velocities, which may explain the low incidence of schistosomiasis due to lack of snails. Fingerut and his colleagues, [6] , found that environmentally triggered downward swimming can quickly bring larvae (Planktonic cercariae) to the bed, promoting contact with benthic intermediate hosts under most flow conditions, which explains the prevalence of infected snails.
The main aim in this paper is to investigate how the river current can change the dynamics of schistosomiasis by considering spatial structure only in parasite larvae, namely miracidia and cercariae. The basic structure of the mathematical model is still as in [1, 5, 11] , with the following assumptions: It is natural to incorporate spatial structure for parasite larvae first of all, since miracidia and cercariae are free-swimming in river. However, for convenience and in order to have a simpler model, human hosts, parasites and snails will be considered spatially independent. Since human beings are active more or less everywhere in their habitat, their contribution to the environment can be viewed as approximately homogeneous. The same is true for parasites since they reside inside the human body.
The present paper is structured as follows: in the next section, a mathematical model with spatial structure is given; in Section 3, its well-posedness is established; in Section 4, a reduced model-spatially uniform, given by a dynamical system-is studied analytically and numerically; in Section 5, the full spatial model is partly analyzed and simulations are provided. Finally, we present some discussion and draw some conclusions in Section 6.
A Mathematical Model with Spatial Structure
Schistosomiasis is usually prevalent in villages near a river or a lake. For simplicity, we assume the aquatic habitat to be a river [0, L], where 0 is the origin of the river and L represents the end of the interested segment of river. Thus, miracidia and cercariae move along with the river current with velocity v. Moreover, we assume that there is no parasitism at the origin of the river, while at the end of the river, the parasitism is determined by the system.
In [11] it was shown that the long-term exponential growth of humans used in [5] is not adequate, not only based on demographic considerations, but also on epidemiological ones since the mean parasite load stays the same irrespective of treatment rate unless such rate is sufficient to kill all parasites. In this paper, we focus on the logistic growth in the human population, which is more adequate for long-term demographic projection and it also does away with the problem of mean parasite load not diminishing with treatment. Similar results are expected if we change the logistic model to one with constant recruitment.
For simplicity, the velocity of the river flow is assumed to be constant. It has been observed that the miracidia and cercariae move in the river with directional preference-e.g. towards to light [6] , and towards intermediate hosts snails. In this paper, we neglect these anisotropic movement and assume that the larvae move only due to the river movement. In other words, the spatial structure is reflected on the assumption that the parasite larvae follow a first order hyperbolic equation with convection coefficient exactly equal to the velocity of river current.
Prior to building the model, let us introduce some demographic and epidemiological parameters. Let H(t), P (t), S(t), I(t) denote, respectively, the total numbers of human hosts, adult parasites, uninfected snails and infected snails at time t. Let m(x, t), c(x, t) denote, respectively, the density of free-living miracidia and cercariae at time t and location x, and
respectively, the total numbers of miracidia and cercariae at time t.
The mathematical model we propose consists of the following system of differential equations:
along with homogeneous Dirichlet boundary conditions at the inflow boundary for the two partial differential equations, 
Well-Posedness
Concerning the well-posedness of System (1), we can equivalently investigate System (3). Since (3.v) and (3.vi) are first order hyperbolic equations, we can solve them exactly along characteristic lines x = τ + vt, where τ is a parameter.
and also to
Since the habitat has finite length L, we can group characteristic lines as above x = vt and below x = vt. In the region {(x, t) : vt < x < L}, integrating Eq. (5) from 0 to t, we have
and then
Similarly, in the region
and then,
In summary, we can write the solution as
Integrating Eq. (10) in the spatial variable
Similarly, we can write the solution of Eq. (3.vi) as
and the total population of cercariae
Concerning the positivity of solutions to System (3), subtracting Eq. (3.iii) from Eq. (3.iv), we have
System ( Concerning their boundedness, it is evident that Eq. (3.a) and Eq.
For convenience, let us introduce a notation
It is not hard to show that C is bounded by observing that for t > L/v,
Notice from Eq. (3.ii) that
The boundedness of R follows from
Last, for the boundedness of M , it is sufficient to check that for t > L/v,
Now let us introduce a vectorV = (H, R, S, T ) t . Then System (3) can be rewritten as dV dt
where
and M and C are functions of T − S, H, and R defined in (11) and (13). It is easy to show thatF is Lipschitz continuous and Picard Iteration Theorem (fixed-point theory) proves local existence and uniqueness of the solution. The global existence and uniqueness of solutions is guaranteed by their a priori boundedness. Then, the following theorem has been proved. The diversity of steady states for the uniformly distributed model has been established in [11] , except for β in [11] replaced by βL/µ c and b p by b p L/µ m . In [11] the population size of miracidia is assumed to be simply proportional to that of parasites and the population size of cercariae is proportional to that of infected snails.
It is clear that System (3) also admits four parasite-free steady states
where, E DF E represents (H, P, S, I, m, c) = (L h , 0, L s , 0, 0, 0) for System (1) . E 0 is the trivial equilibrium, while E 1 and E 2 are semi-trivial in that they represent, respectively, the ultimate state of a logistic population of snails and of humans in the absence of parasitism.
Concerning the non-trivial equilibria, as in [11] , we see from System (3) that at steady state H satisfies the cubic equation
Here,b p ,β, µ i are defined as
Define the discriminant of the above cubic polynomial as D = Q 3 + R 2 , where
54 .
Note that a 2 < 0, a 1 > 0, and a 0 < 0, and we have a similar result as in [11] . In region I, there is no interior positive equilibria and E DF E is globally asymptotically stable. In region II, there is one and only one interior positive equilibrium and it is globally asymptotically stable. In region III, there are three positive interior equilibria and two of them are locally asymptotically stable and no oscillatory solution happens. In region IV, there are also three positive interior equilibria and two of them are unstable and oscillatory solution occurs for certain initial data. Figure 2 and Figure 3 show that an oscillatory solution occurs when parameters are in region IV, where the simulations were done using r = 0 and L h = 800.
However, concerning the stability of boundary steady states, we obtain here similar results as in [11] , too. Proof. For convenience, introduce another notation:
The Jacobian of System (3) at the equilibrium E = (H, R, S, T, m, c) is
Then,
It is obvious that λ = r h > 0 is an eigenvalue of J 3 (E 0 ); then E 0 is unstable. Next,
Again λ = r h > 0 is an eigenvalue of J 3 (E 1 ) and then E 1 is unstable. Finally,
Note that λ = r s > 0 is an eigenvalue of J 3 (E 2 ) and then E 2 is unstable.
Regarding the stability of the Disease Free Equilibrium, we have the following result. Define so-called reproductive number of parasitism
Proof. Note that System (1) and System (3) are equivalent. It turns out to be easier to find the threshold in this case by looking at the Jacobian of System (1) than System (3). The Jacobian of System (1) 
at the equilibrium (H, P, S, I, m, c) is
. At the equilibrium E DEF , the Jacobian is
The characteristic polynomial of the above Jacobian is
It is clear that λ = −(b h − µ h ) and λ = −(b s − µ s ) are two roots of f (λ) and they are negative from our assumptions. Whether f (λ) has positive roots is completely determined by the forth order multiplier
Following a theorem due to Strelitz (1977), the polynomial f 1 (λ) is stable if and
we have to check the other restrictions in order to test whether f 1 (λ) is stable or not. After some calculation and simplification, we have
Notice that
and
Thus
(27) IfR 0 < 1, the above inequalities imply that the characteristic polynomial f 1 (λ) is stable, and so is f (λ). Then, E DF E is locally asymptotical stable.
Remark 4.3. We conjecture that E DF E is actually a globally asymptotical steady state ifR 0 < 1. Numerical simulations verified that the reproductive number is indeed a threshold for the system. As shown in Figure 4 , ifR 0 > 1, the parasitism persists, but ifR 0 < 1, then parasitism disappears.
Model with Spatial Structure
In Section 3, we have established the existence and uniqueness of a solution of System (1). In the following we mainly focus on some stability and bifurcation analysis of the system. First of all, we focus on stability at boundary steady states in terms of the threshold (reproductive number). From System (3), at steady state, m satisfies
This can be solved exactly as
Integrating in x from 0 to L, we have
Similarly, at steady state, c and C can be solved as It is evident that E 0 , E 1 , E 2 and E DF E are boundary equilibria of System (3), too. Moreover, we have the same stability results. 
where C =β(T − S) and M =b p HR. Its Jacobian is
By checking the eigenvalues of J 4 at E 0 , E 1 and E 2 , we prove the conclusion.
Define the reproductive number for System (1), or System (3), as
Proof. Refer to the previous theorem, stable equilibria satisfies the same dynamic system. The proof can be done following the same process as in [11] using the above Jacobian J 4 .
Concerning the interior equilibria, we have exactly same results as for the spatially independent model, replacingβ,b p byβ andb p respectively. 
and lim Concerning the positive interior equilibria, the bifurcation diagram is given as follows, where parameters are chosen as in the previous section, and L h = 800, µ m = µ c = 180.
As we have shown, the reproductive number R 0 is a decreasing function with respect to the parameters r and v. Figure 5 shows the bifurcation diagram for the system with respect to these parameters. Figure 6 is the region enclosed by dotted line in Figure 5 in a zoom-in scale. In Region I, R 0 < 1, then E DF E is the only non-trivial equilibrium and numerical simulation shows that it is the only stable equilibrium. In Region II, there is one interior equilibrium which is globally stable. In region III, there are three interior equilibria, and there are two of them are asymptotically stable and no oscillatory solution exists; In region IV, there are three interior equilibria, but two adjacent ones are unstable (E DF E is also not stable); therefore, oscillatory solutions may occur in this case.
In the simulations, we apply the Runge-Kutta Method for O.D.E systems and a Crank-Nicolson-type Finite Difference Method of Characteristics. It can be shown easily that the scheme is second order.
Spatial dynamics of parasite larvae is determined by the river velocity v as the convection coefficient in our model, therefore, miracidia and cercariae should have same type of spatial distribution near steady states. In Figure  7 (µ m = µ c = 1, v = 1), we show profiles of miracidia with different initial distribution and the cercariae follow the same pattern. 
Discussions and Conclusions
It has been observed that schistosomiasis is distributed non-uniformly in space and higher prevalence of disease is associated with low velocity of river current. Faster river currents may flush away the intermediate snail hosts thus decreasing the probability of amplification of miracidia by contacting snails. On the other hand, at the same time the river current flushes away snails, it also flushes away the parasite larvae. It is known that the miracidia and cercariae are very active free-swimming larvae. Some prefer intense light and try to stay on the surface of the river, which gives them a chance to flow with the river.
So far it is not clear whether low incidence of schistosomiasis is mainly due to the flush-away of snails or of larvae. It has been observed that certain kinds of snails stay on the bed whenever they settle down, but some migrate against the river. In this paper we neglected all these movement, assuming that the distribution of snails in space is uniform. Our model clearly shows the fact that the river flow can flush out parasite larvae, making the mean parasite load decreasing with respect to river current velocity.
In our model the river current velocity is assumed constant. In order to adjust to non-uniform river velocities, we have to make a change in the first four equations. One possible way is to divide the system according to different ranges of velocity and still use ordinary differential equations. Another way is to use partial differential equations which means that every species are moving along spatial direction. Numerical simulations show that it is beneficial for human hosts and snails to reside in regions of faster flow or near the (uninfected) sourcde of the river.
